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Abstract-Often composite materials are designed primarily with the aim of improving the strength
of the matrix material rather than achieving improvement of the stilTness. This is usually the case
when the matrix is a low strength brittle type material. The strength of such a matrix material is
usually governed by the initial flaws present in the material. These flaws or cracks can either be large
or small compared to the microstructure of the composite material. In this paper "small" flaws are
considered. Both the small flaws and the reinforcing particles are modelled by ellipsoidal inclusions
and included in a compositc matcrial thcory which is able to give an account of the interaction
between the inclusions. In order to describe the strengthening effect of the reinforcing inclusions, the
energy rclease rate for a representative penny-shaped matrix crack in the composite material is
determined and compared to the energy release rate of the same crack present in the otherwise
homogeneous matrix material.

1. INTRODUCTION

Analytical detennination of the strength of composite materials is in general a very difficult
matter due to the large variety ofdifferent failure modes in a composite material. In a review
article Dharan[l] identifies ten different failure modes for a fibre reinforced material and it is
of course impossible to describe all these failure modes within the framework of one
analytical model.

However, the failure process of a given class of composite materials is often dominated
by a few failure modes. The composite materials with a brittle matrix and one, two, or more
types of tough inclusions constitute such a class. The typical failure modes in this type of
materials are matrix cracking and debonding of the interface between matrix and inclusions.
This paper deals with matrix cracking in a composite material containing inclusions of
arbitrary, ellipsoidal shape. It is assumed that the matrix cracks are "small", i.e. small
compared to the microstructure of the composite material. This means that the matrix
cracks (or microcracks) and the reinforcing inclusions can be considered as independent
inclusion types imbedded in the matrix and interacting over a certain distance.

When the matrix cracks are large in a fibre reinforced material, then an entirely different
situation arises because of the crack bridging fibres and the ensuing direct interaction
between the fibres and the crack. Large microcracks have been treated by, e.g. Korczynskyj
et al.[2], Selvadurai[3] , Mori and Mura[4], and Stang[5]' The general procedure is that the
matrix crack is modelled by a penny-shaped crack. The crack closing forces exerted by the
fibres on the matrix are related to the crack opening and localized either on the crack
surface[3,4] or at some distance from the crack surface[2, 5]. The strengthening effect is
finally evaluated by means ofenergy considerations as in Refs [2,5] or by the detennination
of modified stress intensity factors as in Refs [3,4]'

The effect and growth ofsmall microcracks are usually evaluated by means ofa composite
material theory. Homogeneous materials containing only microcracks have been described
by means of a composite material theory in a number of papers in the past. The elastic
moduli of materials containing penny-shaped microcracks under dilute conditions have
been detennined by Bristow[6] and Walsh[7] in the randomized isotropic case and by
Salganik[8] in the isotropic and the aligned, transversely isotropic case.

Larger crack concentrations have been treated by Budiansky and O'Connell[9]. In
order to account for the interaction between the cracks, the self-consistent scheme was
adopted. Budiansky and O'Connell considered randomly distributed cracks which allowed
the self-consistent technique to be used in the way it was originally stated by Budiansky[lO]
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and HilI[ll]. The case of non-randomly distributed cracks under non-dilute conditions have
been treated by Hoenig[ 12J again using the self-consistent technique. A general description
of the self-consistent technique for anisotropic composites has been given by Willis[13].

Budiansky and O'Connell's results have been generalized by Horii and Nemat­
Nasser[14J who considered the situation where some of the cracks close or undergo
frictional sliding. Also Horii and Nemat-Nasser adopted the self-consistent scheme and the
results of Budiansky and O'Connell are derived once more as a special case.

Levin[15J followed a different approach in order to determine the elastic moduli for a
body with microcracks. Levin develops in Ref. [15] a composite material theory which takes
account of the interaction between the not necessarily randomized inclusions. However,
Levin still uses Eshelby's solution[16J for one ellipsoidal inclusion in an infinite isotropic
matrix. With this theory the elastic moduli for a body with randomized or non-randomized
microcracks can be determined with a simple limiting process. The results ofSalganik[8J are
re-established in the special case of dilute conditions.

With a general composite material theory it is a relatively straightforward matter to
describe a composite material containing microcracks. The composite material theory in
question must be able to describe composite materials with two or more inclusion types
(reinforcing inclusions and cracks) under non-dilute conditions. Clearly the self-consistent
theory can be used for this purpose. Laws et al.[17J used the self-consistent theory to
describe a fibre reinforced material containing microcracks in the matrix. Taya[18J has
described a similar material by means of a composite material theory for a material
containing two kinds ofellipsoidal inclusions developed by Taya and Chou[19J. The basis of
this analysis is the so-called back stress analysis introduced by Mori and Tanaka[20]. Taya
determines the stiffness changes caused by matrix crack systems in a short fibre composite
material and also the energy release rate for a representative penny-shaped matrix crack in
the composite material.

Levin's composite material theory[15J is also applicable to the description ofcomposite
materials with microcracks. However, Levin's theory has to be generalized in order to deal
with more than one inclusion type. This will be done in the following sections and it will be
shown that the strengthening effect of the reinforcing inclusions can be described by one
fourth order tensor without assuming anything about the length and orientation of the
reinforcing ellipsoidal inclusions.

2. BASIC RELATIONS

The composite materials considered here are materials of the matrix/inclusion type. The
matrix and the inclusions are assumed to be isotropic and linear elastic.

Let a Cartesian coordinate system (XI'X2,X3) be given and consider a representative
volume element (RYE) (representative in the sense explained by HiII[2lJ) of the composite
material in question. The volume element has a volume V with a surface b( V). In this RVE
macroscopically homogeneous stress and strain fields are prescribed by the boundary
conditions:

or

on b(V)

on b(V)

(1)

(2)

where aij denotes the stress tensor, u/ the displacements, n/ the outward unit normal to b( V),
and aG and eG are symmetric tensors, constant in space.

It is a well-known fact (see Ref. [21]) that the volume averages ofstress and strain in the
RYE are given by

{a}V = ~ radV = a*
V Jv (3)
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when the boundary condition, eqn (1) is given, and by

{e} v =~ red V = e*
V Jv

1261

(4)

when eqn (2) is given. (Following Hill we write (1 and I: as shorthand for the stress and strain
tensors aij and t'j')

Given the boundary conditions, eqn (1) or (2), the stiffness and compliance of the
composite material are defined by

(5)

and
(6)

LC and MC are shorthand for L5lt, and M5lt, and the product on the right-hand side ofeqns (5)
and (6) involves summation over the two index pairs: L5lt,{e}r, and M5lt,{a}r,.

The matrix phase of the composite material is designated phase 0 while the inclusion
phases are designated phas~ 1,2, ... , n. Thus, the composite material contains n+ 1phases.

The physical quantities characterizing phase i are all denoted with superscript "i"
(i = 0, 1, .. . ,n). Now, in order to be able to distinguish between powers and labels
identifying the phase in question, powers are always separated from the base with a
parenthesis, thus, e.g. a3means the physical quantity "a" characterizing phase 3 while (a)3
denotes "a" raised to the third power. The use of subscripts is restricted to the indication of
tensor component only.

Introducing the relations between the volume average of the stress/strain fields in the
RVE and the volume average of the stress/strain fields in each phase (see Ref. [21]):

i = 0, .. .,n

i =O, ... ,n

(7)

(8)

and introducing the volume concentrations eO, el
, ••• , e", then LC and MC can be written as

/I

LC = LO+ L e'(V -Lo)A'
i= 1

II

MC = MO+ L ei(Mi
- MO)Bi.

i= t

(9)

(10)

Given the boundary conditions, eqns (1) and (2), Levin shows (see Refs [15, 22]) that the
stress and strain fields in the RVE are given by

(11)

and

(12)

with

(13)
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(14)

Here b(x - ,) is the 3D-Dirac's delta function with

(15)

The two point function g(x, nj is a Green's function for the homogeneous RVE with stiffness
LO giving the displacements from a single force Pi in V

It is assumed that

(16)

g(x,{) == 0 xeb(V), Ce V. (17)

The fourth order tensor I is the identity fourth order tensor given by

(18)

where bij is Kronecker's delta. The tensor I is included in eqn (13) in order to make the last
index pair symmetric. The tensors bL and bM represent the variations in stiffness and
compliance with respect to the matrix, i.e.

and

bL(x) = V-Lo when x e Vi i = 0, 1, ... , n

when xe Vi i = 0, 1, .. . ,n.

(19)

(20)

Introducing the Green's function for an infinite, isotropic, homogeneous space with stiffness
LO, g"', instead of g, then eqns (11) and (12) can be written as

a = a* + Iv r"'[bMa- {bMar] d V (21 )

and

I: = 1:*+ Iv G"'[bLI:-{bLI:}V] dV (22)

with

1 ( iJ2g '" iJ2g~ )'" ____1"'_ ..:....:?1!!!. (23)Gllkl - 2 iJ . iJ + iJ . iJ l",nklx) Xn Xl Xn

and

r'" = -(LoG"'Lo+Lob) (24)

where b is shorthand for the 3D-Dirac function.
The volume ofone ellipsoidal inclusion belonging to phase i is now designated Ii and all

inclusions belonging to phase j are assumed to 'have the same size and volume but not
necessarily the same orientation in space. A point of observation Xi is fixed in an inclusion ,i
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and it is assumed that (see Ref. [15])

J. GCX>(xi, {)15L({)t({) dV(,) ~ J. GCX>(X i ,'){15Lt}V dV({)
V\,l v\,'

and
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(25)

(26)

Thus, it is assumed that the influence of one inclusion from the rest of the inclusions can be
equivalated with the influence from stress and strain fields which are constant in space and
equivalent to the volume average of the perturbation fields.

Now the average stress and strain field in ,i can be calculated as

{a}i = a* _Qi({15Ma}i -{15Mat)

{t}" = t*-Pi({15Lt}"-{15Lt}v)

given the boundary conditions, eqns (1) and (2), and the relations

and

The tensors Qi and pi are homogeneous in Ii and related by

(27)

(28)

(29)

(30)

(31)

The P- and Q-tensors are furthermore related to Eshelby's S-tensor (see Ref. [16]) by the
relation

(32)

where Si is the S-tensor related to phase i.
Since the inclusions in phase i all have the same size and shape, the average stress field in

a specific inclusion ,i only depends on the orientation of the inclusion. Denoting by {{a}"}UI
the average of the (average) stress fields taken over all the orientations which represents
inclusions in phase i, then

and since

and

"{15Ma} v = L d(MJ - MO){{a},1}UI
)=1

"{15Lt}V = L d(Li-LO){{t},1}UI
)=1

(33)

(34)

(35)
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the following systems of equations can be derived from eqns (27) and (28)

RII _R12 _R 13 -RIll f } v' {TI }W(0'

_R 21 R22 _R 1.1 _R 211 Ill';!
P'2]'"100i

................................. = 0'* (36a)

-Rill _R"2 _R"3 ... Rtf" {O'} J' {Til}'"

where

And

Rij = {TiQi}W(Mi _ MO)d

Ti = {I+Qi(Mi_MO))-1

(no summation)

(no summation and i 't:. j)

(no summation).

(36b)

(36c)

(36d)

where

NIl _N12 _N 13 _N11l {e}v' {W}W

_N21 N22 _N23 _N21l {e}V2 {H2 }W

................................. = e* (37a)

_N"I _N"2 _N"3 ... N"" {e} yo {H"}W

Nii = I-ci{Hipi}W(V_LO)

Nij = {HiPi}W(V - LOld

Hi = (l+pi(V-LOW 1

(no summation)

(no summation and i 't:. j)

(no summation).

(37b)

(37c)

(37d)

In all the equations (36bH36d) and (37bH37d) we have i,je{1,2, .. . ,n}.
The solutions ofeqns (36aH36d) and (37aH37d) give the Si and Ai tensors, and L°and

MO can now be detennined by eqns (9) and (10).
In a number of special cases the systems of equations are reduced considerably.

Furthennore, it should be noted that the systems (36aH36d) and (37aH37d) are completely
equivalent: the system (37aH37d) results from (36aH36d) by substituting Li for Mi and pi
for Qi. Thus, it is only necessary to write down the systems ofequations which detennine, e.g.
the Biwtensors.

3. SPECIAL CASES

We assume that the composite material in question consists of three phases: a matrix
and two inclusion types. If inclusion .type 1 is aligned and the other (type 2) is non-aligned,
possibly randomized, then it can be shown that eqns (36aH36d) reduces to

(38a)

with

(38b)

(38c)
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R21 :::: ({T2}w)-I{T2Q2}w(MI_MO)cl

R22 :::: ({T2}w)-I{I_c2{T2Q2}w(M2_MO)}
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(38d)

(38e)

(38f)

Solving eqns (38aH38f) and introducing eqns (7) and (10) we get the following expression for
Me:

Me = MO+cl(MI -MO){RII -R12(R22+R12)-I(RI 1+R21 )}-1

+c2(M2_MO){R22 -R21 (R11 +R21)-I(R22+RI2)} -I. (39)

In the special case of two aligned inclusion phases (the two phases need not be aligned in the
same direction) the above expressions for R21 and R22 are simply replaced by

(40a)

(40b)

The special cases of one aligned and one non-aligned inclusion phase can easily be derived
from eqns (38aH38f). It is interesting to note that when one aligned inclusion phase is
present under dilute conditions, then the well-known relation

(41)

or equivalently

(42)

is re-established.

4. INTRODUCTION OF MICROCRACKS

Microcracks in the matrix material are modelled by penny-shaped cracks, i.e. by flat
axially symmetrical ellipsoids. Consider an axially symmetrical ellipsoidal inclusion. The
surface of the inclusion will be described by the following equation:

The aspect ratio of the inclusions is defined as

c
1=-.

a

(43)

(44)

When the microcrack phase ofthe composite material is designated as phase 1, then the limit

P .... O with V:::: 0

represents the modelling ofthe microcracks (II defines the aspect ratio and V represents the
stiffness of phase 1).

In order to investigate this limiting process the simple case of aligned cracks under
dilute conditions (or simply one penny-shaped crack in an infinite medium) is considered.
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The case is described by eqn (42). Introducing V = 0, eqn (42) can be written as

(45)

The equivalent eqn (41) can be rewritten as

since MO(M1 - MO) -1 = MOV (1- MOV) -1 = 0, when V = 0. However, the tensor
(1_81)-1 becomes singular (i.e. the inverse does not exist) when 11 ..... 0, whilec1 ..... 0. Thusc l

is rewritten as

with

c1 = {Jltt (47)

(48)

The parameter pis usually denoted "the crack density parameter" and ndesignates the total
number of penny-shaped cracks in V.

The tensor P(I_S1r 1 has a finite value for 1'-+0, and we can define a new tensor, the
F-tensor, as the limit

FI = lim (ll(l-SI)-I).
/''''0

(49)

Since the inelusions under consideration are axially symmetrical, the corresponding S-tensor
is transversely isotropic. And since the I -tensor is isotropic (because bij is isotropic, seeeqn
(18» it follows from eqn (49) that the F -tensor is transversely isotropic.

The F-tensor can easily be determined when using the decomposition technique for
transversely isotropic fourth order tensors described by Walpole[23]. First the S-tensor is
decomposed in the way described in Ref. [23]. (The decomposed form of the S-tensor is given
in Ref. [5].) Linearizing the S-tensor as a function of tt for 11 "" 0, we get

(50)

with

and

1:1 = (6, -4(l'-2vO),(7-8vo), -4(2-vO),

- 2(1 +4vO), - 2(1- 2VO») 1t 0
, 16(1-v )

where VO is Poisson's ratio for the matrix.
Now it is easy to show that

(51)

(52)

(53)
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1= (1, 1, 1, 1,0,0)
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(54)

and using the formulas for inversion of transversely isotropic tensors given in Ref. [23].
Thus the stiffness and compliance ofa homogeneous material with aligned microcracks

under dilute conditions can be written as

(55)

and

(56)

according to eqns (45) and (46).
A similar limiting process can be made when we are dealing with non-dilute conditions

and cracks in a composite material rather than cracks in a homogeneous material. Equations
(38aH38f) and (39) form the basis of such an analysis. Phase 1 is again representing the
cracks or one representative crack, while phase 2 represents the reinforcing inclusions. Note
that no assumptions are made about the orientation and shape of the phase 2 inclusions.

Writing eqn (39) as

(57)

it is possible to show that

lim MC(MO,Pl/l,f1,O,c 2,12,L2) = [1+c2(R2)-1 +pI U2FI]Mo. (58)
11 -'0

The derivation is somewhat tedious but it represents no special difficulties once eqn (49) is
established.

The R-tensor in eqn (58) is given by

with

(60)

while the V-tensor is given by

(61)

In the special case where phase 2 consists of aligned inclusions, the expression for V 2 is
simplified to

(62)

The V-tensor represents the effect of interaction between the reinforcing inclusions and the
matrix cracks. This becomes clear when eqn (58) is compared to eqn (56).

It is interesting to note that a similar simple measure for the interaction effect between
reinforcing inclusions and cracks cannot be derived from the expression for the stiffness LC

•

5. INTERPRETATION AND DISCUSSION OF RESULTS

In order to investigate the strengthening effect of the reinforcing inclusions, the energy
release rate is determined for a representative matrix crack in the composite material.
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The matrix of the composite material is assumed to be brittle and phase 1is interpreted
as a representative matrix crack. Me is assumed to be detennined according to eqn (58).

Assuming that the stresses are prescribed on the boundary according to eqn (I),
Hill [2 I] showed that the total slrain energy, W, in the representative volume element is given
by

The work done by the external forces can be written as

r u'a'ndA = r u'a*'ndA
J.~(V) J6lV)

=Iv £a* dV = V{sYa* = Va*Mca*.

Thus the potential energy, WP
, defined by

wP = W- r u'a'odA
J"lVI

can be written as

(63)

(64)

(65)

(66)

A simple Griffith criterion for the growth of the penny-shaped crack in question can now be
set up" the fonnula relating the surface energy required for crack growth and the
corresponding energy release rate:

(67)

Here I' represents the specific surface energy or rather the specific work offracture related to
the crack surface.

Introducing the expression for WP, eqn (66), we can introduce a macroscopically
homogeneous critical stress by

(68)

When the displacements are prescribed as in eqn (2), the potential energy is given by

(69)

thus an equivalent macroscopically homogeneous critical strain can be defmed by

(70)

Since LC = (Mc)-I it is easily shown that eqns (68) and (70) are totally equivalent under the
assumption that

(71)
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The case of one penny-shaped crack in an otherwise homogeneous representative volume
element is described by eqn (56) or (55), and the critical stress can be determined by

(72)

according to eqn (68). The component form of eqn (72) can be found in Ref. [5], where it is
also mentioned that eqn (72) corresponds to the classical solution for a penny-shaped crack
in an infinite medium, see e.g. Ref. [26].

The critical stress for the same penny-shaped matrix crack in a composite material can
be written as

(73)

according to eqns (68) and (58).
The corresponding critical strain is determined from

(74)

rather than from eqn (70) which is a fairly complicated expression.
It is interesting to note that when the stiffness of phase 2 is negligible, which means that

we are considering a penny-shaped crack in a porous material, then U2 can be written as

u2 = I+C2(({(I_S2)-1(I_S2)}"')-1_C2I)-1

1= I+c2(1-c2I)-1 =1--.
l-c2 (75)

Writing G for the energy release rate for a penny-shaped crack in a porous medium and GO
for the energy release rate for the same penny-shaped crack in the same medium but with no
porosity, then we find from eqns (72) and (73) that

G 1
GO = l-c2

(76)

when a macroscopically homogeneous stress is prescribed.
Equation (76) is independent of the shape and orientation of the porosity. Note also that

tlte result is valid for both the crack opening stress states: normal and shear stress relative to
the crack plane (producing mode I and mixed shear cracking). Thus eqn (76) represents a
generalization of the result presented in Ref. [18], which only covered the case of an aligned
crack like porosity.

When phase 2 does not represent a porosity, then eqn (73) cannot be interpreted as
easily as the above mentioned. Assuming that the reinforcing inclusions are axially
symmetrical and aligned with an axis perpendicular to the penny-shaped crack surface, then
the V-tensor is transversely isotropic with the same axis of.symmetry as Fl, which means
that the decomposition technique already mentioned in Section 4 can be used to evaluate
and decompose the fourth order product in eqn (73) using expression (62) for U 2

• If,
alternatively, the reinforcing inclusions are axially symmetrical but randomized in space
then the V-tensor is isotropic and determined by eqn (61), and again the fourth order tensor
product in eqn (73) is transversely isotropic.

In order to calculate the average of a transversely isotropic fourth order tensor
randomly distributed in space (this is necessary according to eqn (61)) it can be shown (see
Ref. [24]) that if A is transversely isotropic with

(77)
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(78)

(79)

(80)

The decomposition, eqn (78), for the isotropic tensor is given by Hill[25].
In order to be able to calculate the product of the isotropic V-tensor and the

transversely isotropic F-tensor by means of the formulas given in Ref. [23], we need the
transversely isotropic decomposition of an isotropic fourth order tensor. This
decomposition can be made with the following formula. Assuming that A is isotropic with

(81)

then A can also be written as (see Ref. [24])

(82)

with any direction of the symmetry axis.
It is now possible to show that when the Cartesian coordinate system is orientated, so

that the x3-axis is normal to the crack surface, then eqn (73) can be rewritten as

where EO is Young's modulus for the matrix and where

with symmetry axis parallel to the x3-axis.
Note that when c2 = 0, i.e. when no reinforcing inclusions are present, then

u 2 = I = (1,1,1,1,0,0)

(84)

(85)

and now the first and the second term in eqn (83) represent the dimensionless energy release
rate for normal and shear stress applied to a penny-shaped crack in an (infinite)
homogeneous medium producing mode I and mixed shear mode, respectively. Thus u2 and
1/4 represent the changes in the energy release rate for normal and shear stress respectively
due to the reinforcing inclusions. (The terms "normal" and "shear" referring to the crack
surface.) Note that when u6 :1: 0, then (111 and (122 can also contribute to the energy release
rate when (133 :1: O.

The factors u2
, u4 and u6 have been plotted in Figs 1-10 as functions of the volume

concentration of the reinforcing inclusions, c2• Also, the effect of stiffness, geometry and
orientation is shown: the factors u2 and u4 are shown for E2/ EO = 50 and 10, different aspect
ratios W) of the inclusions are considered W-+ 0 (platelets), /2 = 1(spheres), /2 = 10, /2 = 20
and /2 -+ 00), and finally aligned as well as randomized inclusions are considered.

It is interesting to note that the platelets are not causing any reduction in the energy



Strength or composite materials 1271

FACTORS DESCRIBING THE CHANGES
IN ENERGY RELEASE RATE

•.•• SPHERES

:•• PLATELETS

0.2 . '" .

0.. ...

0.'

0.6

U'
1.0

~z ~3 ~. ~5

C'

0.0 -t---,...----i---i--i----i
0.0 0.1

F!/E'= 10 11'=0.25 11'=0.20 ALIGNED INCL.

Fig. 1. The factor describing changes in G for a penny-shaped crack loaded with normal stress. The
reinforcing inclusions are assumed to be aligned with an axis perpendicular to the crack sunace.

FACTORS DESCRIBING THE CHANGES
IN ENERGY RELEASE RATE

u·
1.00

0.'5

0.'0

0.'5

0.'0

0.15

0.10

---------~._._.~_._------. . .
:-l'-+oo

:_. l'=20

.. :- l'=10

... :•••• SPHERES

:•• PLATELETS

0.65 -t--.....,.-----i---i--i----i
0.0 0.1

F!/E'= 10 11'=0.25 11'=0.20 ALIGNED INCL.

Fig. 2. The factor describing changes in G for a penny-shaped crack loaded with shear stress. The
reinforcing inclusions are assumed to be aligned with an axis perpendicular to the crack sunace.

release rates when they are aligned with the penny-shaped crack (though they are causing
stiffness changes). But when the inclusions are randomized, then the platelets are causing the
largest reductions in the energy release rates among the geometries considered here.

Note also, that the factor u2 depends very much on the shape of the inclusions in the
aligned case, while u· is almost independent of the inclusions shape in the range 1 ~ 12 < 00.

However, when the inclusions are randomized, then u2 and u· depend on 12 in almost the
same way. In the range 1 ~ 12 < 00 the infinitely long fibres are reducing the energy release
rate the most, except in the case of aligned inclusions, factor u· and the energy release rate is
always reduced with an increasing volume fraction of reinforcing inclusions.
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FACTORS DESCRIBING THE CHANGES
IN ENERGY RELEASE RATE

u·
0.20

:-l'-+oo

0.16

0.10

0.06

0.00

,~,':-:7:~::-'~-'l'=20
,,; . ., . :- l'=10

/~""" .
...... '11/'" ' , ''':__ SPJaMS

.V;':.
·- - PLAT8UTS

'I

0.20.1
-0.06 +---r----;.--r---;---i

0.0

E'/E'=10 1/'=0.25 1/'=0.20 ALIGNED INCL.

Fig. 3. The factor describing the additional energy release rate for a penny-shaped crack due to lateral
tension. The reinforcing inclusions are assumed to be alillled with an axis perpendicular to the crack

surface.

FACTORS DESCRIBING THE CHANGES
IN ENERGY RELEASE RATE

U'
1.0

0.'

0.1

0.7

0.6

0.6 .

0.4

;-l'-+oo

_. l'=20
...........

.-"';';;"'~''''_' .. - l'=10
. . ~'~': _._. SPHERES

:- - PLATEUTS

0.8 0.4 0.6

C'

0.20.1
0.8 +----.---,--r---;---,

0.0
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Fig. 4. The factor describing changes in G for a penny-shaped crack loaded with normal stress. The
reinforcing inclusions are assume~ to be randomly distributed in the surrounding matrix.

With regard to the stiffness effect it is interesting to compare Figs 1,2,7 and 8. While an
increasing stiffness ratio, £2/£0 greatly reduces the u2-factor (especially in the range
10 ~ 12 < (0), the u4-factor is practically unchanged. In the randomized case both u2 and u4

is reduced when the stiffness ratio is increased (compare Figs 4,5,9 and 10), however, the
effect still depends on the geometry of the inclusions.

When comparing the u2-factor in Fig. 1with the results for GIGO given by Taya[18] Fig.
7, it seems that Taya's results have been re-established in this special case.

The factor u6 is significant in the case of aligned inclusions (see Figs 3 and 6) and very
dependent on the shape of the inclusions. The positive value of u6 corresponds to the fact that
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Fig. 5. The factor describing changes in G for a penny-shaped crack loaded with shear stress. The
reinforcing inclusions are assumed to be randomly distributed in the surrounding matrix.
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Fig. 6. The factor describing the additional energy release rate for a penny-shaped crack due to lateral
tension. The reinforcing inclusions are assumed to be randomly distributed in the surrounding

matrix.

a lateral tension applied to a unidirectional fibre reinforced composite material with fibres
considerably stifTer than the matrix produces longitudinal compression in the fibre for most
combinations of Poisson's ratio in the matrix and in the fibre. This means that a longitudinal
tension field is produced in the matrix around the fibres. Thus, if matrix cracks with a surface
perpendicular to the fibres are present in the matrix, then a lateral tension field can produce a
crack opening stress field in the matrix. The fact that a lateral tension usually produces
longitudinal compression in a fibre embedded in a matrix follow from the Eshelby
solution[16] for one infinitely long fibre embedded in a matrix with a homogeneous stress

SAS 22: ll-H
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Fig. 7. The factor describing changes in G for a penny-shaped crack loaded with normal stress. The
reinforcing inclusions are assumed to be aligned with an axis perpendicular to the crack surface.
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Fig. 8. The factor describing changes in G for a penny-shaped crack loaded with shear stress. The
reinforcing inclusions are assumed to be aligned with an axis perpendicular to the crack surface.

field (10 far from the inclusion. The stress field (12 in the fibre is given by

(86)

or

(87)

where 8 2 and Q2 correspond to an infinitely long inclusion. If a lateral plane hydrostatic
stress field with intensity (1~ is present in the matrix far from the inclusion, then it can be
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Fig. 9. The factor describing changes in G for a penny-shaped crack loaded with normal stress. The
reinforcing inclusions are assumed to be randomly distributed in the surrounding matrix.
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Fig. 10. The factor describing changes in G for a penny-shaped crack loaded with shear stress. The
reinforcing inclusions are assumed to be randomly distributed in the surrounding matrix.

shown from eqn (87) (see Ref. [24]) that the ratio between the longitudinal stress in the fibre
and the intensity of the plane hydrostatic stress field in the matrix is given by

ai3 E[(1 + valvaE + (1-v1)vO -2v1]

ag = - 2[E(1+vO)+(1+v1)(1-2v1)]
(88)

with

(89)
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From this expression it is clear that in the case investigated in Fig. 3 with E = 10, \'0 = 0.25
and \'2 = 0.20 expression (88) gives a negative value of a~3/ag.

If, however, E = 10, 1'0 = 0, and 1'2 = 0.20, then a~3/ag is positive, i.e. a lateral
plane tension field in the matrix produces longitudinal tension in the fibres according to eqn
(88), and thus a longitudinal compression field arises in the matrix around the fibre.
Calculating u6 in the case of aligned long inclusions with E = 10, 1'0 = 0, and 1'2 = 0.20, u6

becomes negative, i.e. a lateral tension field reduces the energy release rate related to a33
because of its crack closing effect.

6. CONCLUSION

A composite material theory developed by Levin[15] taking account of the interaction
between the inclusions has been generalized so that it can describe composite materials with
more than one type of inclusions. This model has been used to evaluate the energy release
rate for a penny-shaped crack in a composite material. Having interpreted the results, the
following conclusions can be made:

(1) With a prescribed stress-field the changes in energy release rate for a penny-shaped
crack due to the reinforcing inclusions can be described by a single fourth order tensor, U.

(2) In the case where the reinforcing inclusions are pores a very simple result is obtained
for the influence of the porosity on the energy release rate. The result contains Taya 's[18] as
a special case.

(3) When interpreting the physical significance of the V-tensor the decomposition
technique described by Walpole[23] is very convenient.

(4) When the reinforcing inclusions are aligned the infinitely long fibres are the most
efficient in reducing the energy release rate. However, when randomized inclusions are
considered, then the flat disc shaped inclusions, "platelets", are the most efficient. In any case,
the efficiency of the inclusions is increased when the volume fraction is increased.

(5) It seems that the results obtained for long aligned inclusions (fibres) correspond to
Taya's[18].

(6) Finally, it is shown that a lateral tension in an aligned fibre composite material can
contribute to the energy release rate of matrix cracks perpendicular to the fibres when a
longitudinal stress component is also present.
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